Abstract. We study Jordan-Lie inner ideals of finite dimensional associative algebras and the corresponding Lie algebras and show that they admit Levi decompositions. Moreover, we classify Jordan-Lie inner ideals satisfying a certain minimality condition and show that they are generated by pairs of idempotents.
Introduction
Let L be a Lie algebra. A subspace B of L is said to be an inner ideal of L if [B, [B, L] ] ⊆ B. Note that every ideal is an inner ideal. On the other hand, there are inner ideals which are not even subalgebras. This makes them notoriously difficult to study. Inner ideals were first introduced by Benkart [7, 8] . She showed that inner ideals and ad-nilpotent elements of Lie algebras are closely related. Since certain restrictions on the ad-nilpotent elements yield an elementary criterion for distinguishing the nonclassical from classical simple Lie algebras in positive characteristic, inner ideals play a fundamental role in classifying Lie algebras [16, 17] . Inner ideals are useful in constructing grading for Lie algebras [15] . It was shown in [13] that inner ideals play role similar to that of one-sided ideals in associative algebras and can be used to develop Artinian structure theory for Lie algebras. Inner ideals of classical Lie algebras were classified by Benkart and Fernndez Lpez [7, 9] , using the fact that these algebras can be obtained as the derived Lie subalgebras of (involution) simple Artinian associative rings. In this paper we use a similar approach to study inner ideals of the derived Lie subalgebras of finite dimensional associative algebras. These algebras generalize the class of simple Lie algebras of classical type and are closely related to the so-called root-graded Lie algebras [1] . They are also important in developing representation theory of non-semisimple Lie algebras (see [5, 6] ). As we do not require our algebras to be semisimple we have a lot more inner ideals to take care of (as every ideal is automatically an inner ideal), so some reasonable restrictions are needed. We believe that such a restriction is the notion of a Jordan-Lie inner ideal introduced by Fernndez Lpez in [12] . We need some notation to state our main results.
The ground field F is algebraically closed of characteristic p ≥ 0. Let A be a finite dimensional associative algebra over F and let R be the radical of A. Recall that A becomes a Lie algebra A Then B is said to be Jordan-Lie if B 2 = 0. Denote byB the image of B inL = L/R∩L. Let X be an inner ideal ofL. We say that B is X-minimal (or simply, bar-minimal ) if B = X and for every inner ideal B ′ of L withB ′ = X and B ′ ⊆ B we have B ′ = B. Let e and f be idempotents in A. Then (e, f ) is said to be a strict orthogonal idempotent pair in A if ef = f e = 0 and for each simple component S ofĀ = A/R, the projections ofē andf on S are both either zero or non-zero. We are now ready to state our main results. Theorem 1.1. Let A be a finite dimensional associative algebra and let B be a JordanLie inner ideal of L = A (k) (k ≥ 0). Suppose p = 2, 3. Then B is bar-minimal if and only if B = eAf where (e, f ) is a strict orthogonal idempotent pair in A.
Let B be an inner ideal of L = A (k) (k ≥ 0). Then B is said to be regular (with respect to A) if B is Jordan-Lie (i.e. B 2 = 0) and BAB ⊆ B (see also Proposition 6.21 for an alternative description in terms of the orthogonal pairs of one-sided ideals of A). It follows that all bar-minimal inner ideals are regular. It was also proved in [2, 4.11 ] that all maximal abelian inner ideals of simple rings are regular. The regularity conditions B 2 = 0 and BAB ⊆ B imply the original one ([B, [B, L]] ⊆ B) and are much easier to check, so it is an interesting question to describe the class of all finite dimensional algebras A such that all Jordan-Lie inner ideals of A (k) are regular. We believe that most algebras A are in this class. However, exceptions do exists, as Example 6.17 shows.
Let B be an inner ideal of L = A (k) (k ≥ 0). Then we say that B splits in A if there is a Levi (i.e. maximal semisimple) subalgebra S of A such that B = B S ⊕ B R , where B S = B ∩ S and B R = B ∩ R (Definition 6.5). Theorem 1.4. Let A be an Artinian ring or a finite dimensional associative algebra and let (e, f ) and (e ′ , f ′ ) be idempotent pairs in A. Suppose that (e, f ) is strict. Then the following hold. ∼ (e, f ) and e ′′ Af ′′ = eAf . Remark 1.5. It is well-known that every finite dimensional unital algebra is Artinian as a ring. In particular, semisimple finite dimensional algebras are Artinian. However, this is not true for non-unital algebras (e.g. for the one dimensional algebra over Q with zero multiplication). This is why we refer to both Artinian rings and finite dimensional algebras in the theorem above.
Preliminaries
Throughout this paper, unless otherwise specified, A is a finite dimensional associative algebra over F, R = rad A is the radical of A, S is a Levi (i.e. maximal semisimple) subalgebra of A,
Definition 2.1. Let Q be a Lie algebra. We say that Q is a quasi (semi)simple if Q is perfect and Q/Z(Q) is (semi)simple.
Herstein [11, Theorem 4] proved that if A is a simple ring of characteristic different from 2, then A (1) = [A, A] is a quasi simple Lie ring. In particular, we have the following well-known fact.
Note that the case of p = 2 is exceptional indeed as the algebra sl 2 (F) is solvable in characteristic 2. Proof. Since A is semisimple, A = i∈I S i where the S i are simple ideals of A. Since F is algebraically closed,
Now the result follows from Lemma 2.2.
Definition 2.4. Let M be a finite dimensional Lie algebra and let Q be a quasi semisimple subalgebra of M. We say that Q is a quasi Levi subalgebra of M if there is a solvable ideal P of M such that M = Q ⊕ P . In that case we say that M = Q ⊕ P is a quasi Levi decomposition of M.
Proposition 2.5. Let S be a Levi subalgebra of A and let
is quasi semisimple by Proposition 2.3 and
A subspace B of A is said to be a Lie inner ideal of A if B is an inner ideal of
A subspace B of A is said to be a Jordan inner ideal of A if B is an inner ideal of the Jordan algebra A (+) [12] . If B 2 = 0, then B is an inner ideal of the Jordan algebra A (+) if and only if it is an inner ideal of the Lie algebra A (−) . Indeed, since B 2 = 0, one has
and all x ∈ A. This justifies the following definition.
It follows from Benkart's result [7, Theorem 5.1] that if A is a simple Artinian ring of characteristic not 2 or 3, then every inner ideal of
′ ∈ B and x ∈ L, we denote by {b, x, b ′ } the Jordan triple product
The following lemma follows immediately from (2.1) and the definition.
for some k ≥ 0 and let B be a subspace of L. Then B is a Jordan-Lie inner ideal of L if and only if B 2 = 0 and {b, x, b
Recall that our algebra A is non-unital in general. LetÂ = A + F1Â be the algebra obtained from A by adding the external identity element. The following lemma shows that the Jordan-Lie inner ideals ofÂ (k) are exactly those of
Lemma 2.8. Let B be a subspace of A. Then B is a Jordan-Lie inner ideal of A (k) if and only if B is a Jordan-Lie inner ideal ofÂ (k) (k ≥ 0).
Proof. Note thatÂ (k) = A (k) for all k ≥ 1, so we only need to consider the case when
so B is a Jordan-Lie inner ideal ofÂ. Suppose now that B is a Jordan-lie inner ideal ofÂ. ThenB = (B + A)/A is a Jordan-Lie inner ideal ofÂ/A ∼ = F. SinceB 2 = 0, we get thatB = 0, so B ⊆ A. Therefore, B is a Jordan-Lie inner ideal of A.
Recall that idempotents e and f are said to be orthogonal if ef = f e = 0. Lemma 2.9. Let A be a ring and let Z(A) be the center of A. Let e and f be idempotents in A such that f e = 0.
eAf is a Jordan-Lie inner ideal of A (−) and of A (1) ; (iv) there exists an idempotent g in A such that g is orthogonal to e and eAf = eAg,
(ii) We have B 2 ⊆ eAf eAf = 0 and [B, [B,
Since ge = (f − ef )e = 0 and eg = e(f − ef ) = ef − ef = 0, e and g are orthogonal. It remains to show that eAf = eAg. We have eAg = eA(f −ef ) ⊆ eAf and eAf = eAf (f − ef ) = eAf g ⊆ eAg, as required.
We note the following standard properties of inner ideals.
Lemma 2.10. Let L be a Lie algebra and let B be an inner ideal of L.
(i) If M is a subalgebra of L, then B ∩ M is an inner ideal of M.
(ii) If P is an ideal of L, then B + P/P is an inner ideal of L/P .
Idempotent pairs
The aim of this section is to prove Theorem 1.4, which describes the poset of JordanLie inner ideals generated by idempotents. We start by recalling some well known relations on the sets of idempotents. We say that (e, f ) is an idempotent pair in A if both e and f are idempotents in A. Moreover, (e, f ) is orthogonal if ef = f e = 0. Definition 3.4. Let A be a ring and let e, e ′ , f and f ′ be idempotents in A. We say that
(
Using Remark 3.2, we get the following. ∼ is an equivalence. If A is Artinian, then the set of all idempotent pairs satisfies the descending chain condition with respect to ≤.
(2) (e, f ) ≤ (e ′ , f ′ ) if and only if e ′ = e + e 1 and f ′ = f + f 1 for some idempotents e 1 and f 1 in A with e and e 1 (resp. f and f 1 ) orthogonal. Lemma 3.6. Let A be a ring. Let (e, f ) and (e ′ , f ′ ) be idempotent pairs in A with
Proof. This follows from Lemma 3.3(iii).
Proposition 3.7. Let A be a simple ring and let e, e ′ , f and f ′ be non-zero idempotents in A. Then we have the following.
(i) eAf = 0.
Proof. (i) Note that AeA is a two-sided ideal of A containing e. Since A is simple, AeA = A. Similarly, Af A = A. If eAf = 0 then A 2 = AeAAf A = AeAf A = 0, which is a contradiction.
(ii) Suppose first that eAf ⊆ e ′ Af ′ . Then e ′ eaf = eaf for all a ∈ A, so (e ′ e−e)af = 0 for all a ∈ A. Hence, e ′ e − e belongs to the left annihilator H of Af in A. Note that H is a two-sided ideal of A. Since A is simple, we have H = A or 0. As f ∈ H (because
Hence, e L ≤ e ′ . Similarly, we obtain
Definition 3.8. (1) Let A be a semisimple Artinian ring and let {S i | i ∈ I} be the set of its simple components. Let e and f be non-zero idempotents in A and let e i (resp. f i ) be the projection of e (resp. f ) to S i for each i ∈ I. Then the pair (e, f ) is said to be strict if for each i ∈ I, e i and f i are both either non-zero or zero.
(2) Let A be an Artinian ring or a finite dimensional algebra and let R be its radical. Let e and f be non-zero idempotents in A. We say that (e, f ) is strict if (ē,f ) is strict inĀ = A/R.
The following lemma follows directly from the definition and Proposition 3.7(i).
Lemma 3.9. Let A be a semisimple Artinian ring and let (e, f ) be a non-zero strict idempotent pair in A. Then eAf = 0. Now, we are ready to prove Theorem 1.4.
Proof of Theorem 1.4. Recall that (e, f ) and (e ′ , f ′ ) are idempotent pairs in A with (e, f ) being strict.
(i) By Definition 3.8 (2), (ē,f ) is a strict idempotent pair inĀ, so by Proposition 3.9,ēĀf = 0. Therefore, eAf = 0, as required.
(ii) We need to show that eAf ⊆ e ′ Af ′ if and only if (e, f )
Suppose now that eAf ⊆ e ′ Af ′ . We need only to check that e L ≤ e ′ (the proof for
Assume to the contrary that e ′ e = e. Then r = e ′ e − e = 0. Fix minimal n ≥ 1 such that r / ∈ R n . By taking quotient of A by R n we can assume that R n = 0 and r ∈ M where M = R n−1 if n > 1 and M = A (with A being semisimple) if n = 1. Since MR ⊆ R n = 0, the right A-module M is actually anĀ-module. Note that re = (e ′ e − e)e = e ′ e − e = r, so rē = r = 0. Let {S i | i ∈ I} be the set of the simple components ofĀ and letē i be the projection ofē to S i . Since rē = 0, there is i ∈ I such that rē i = 0, so rē i S i is a non-zero unital right S i -submodule of M. Moreover, it is isomorphic to a direct sum of copies of the natural S i -module. Sinceē i = 0 and (e, f ) is strict,f i = 0, so rēS if = rē i S ifi = 0. In particular, there is a ∈ A such that rēāf = 0. As r = e ′ e − e, we have that (e ′ e − e)ēāf = 0, or equivalently, e ′ x = x where
Therefore, e 
Jordan-Lie inner ideals of semisimple algebras
Recall that A is a finite dimensional associative algebra over F (unless otherwise stated). If A is simple then A can be identified with End F V for some finite dimensional vector space V over F. By fixing a basis of V we can represent the algebra End F V in the matrix form M n (F), where n = dim V . We say that M n (F) is a matrix realization of A. Recall that every idempotent of M n (F) is diagonalizable (as its minimal polynomial is a divisor of t 2 − t). Since orthogonal idempotents commute, we get the following.
Lemma 4.1. Let (e, f ) be an orthogonal idempotent pair in A. Suppose A is simple. Then there is a matrix realization of A such that e and f can be represented by the diagonal matrices e = diag(1, . . . , 1, 0, . . . , 0) and f = diag(0, . . . , 0, 1, . . . , 1) with rk(e) + rk(f ) ≤ n.
Benkart proved that if A is a simple Artinian ring of characteristic not 2 or 3, then every inner ideal of
We will need a slight modification of this result. Proof. Let Z be the center of A and letB be the image of
ThenB is an inner ideal ofÂ and by [7, Theorem 5.1] , there are idempotents e and f in A with f e = 0 such thatB is the image of eAf inÂ. We wish to show that B = eAf . Let b ∈ B. Then b = eaf + z for some a ∈ A and z ∈ Z. As
Hence, by Lemma 2.9(i), we obtain z 2 = e(−2az)f ∈ eAf ∩ Z(A) = 0. Therefore, z = 0 and B ⊆ eAf . Conversely, let a ∈ A. Then there is z ∈ Z such that eaf + z ∈ B. As above, we obtain z = 0. Therefore, eaf ∈ B, so B = eAf . Since f e = 0, by Lemma 2.9(iv), there is an idempotent g in A such that g and e are orthogonal and B = eAf = eAg. Recall that every simple Artinian ring A is Von Neumann regular, i.e. for every x ∈ A there is y ∈ A such that x = xyx [10] .
Lemma 4.4. Let A be a simple Artinian ring of characteristic not 2 or 3 and let B be a Jordan-Lie inner ideal of A (1) .
Proof. We need only to show that B ⊆ [B, [B,
By Theorem 4.2, B = eAf for some orthogonal idempotents e and f in A, so b = eaf for some a ∈ A. Since A is Von Neumann regular, b = bxb for some x ∈ A. Hence,
Let L be a finite dimensional semisimple Lie algebra and let {L i | i ∈ I} be the set of the simple components of L. If B is an inner ideal of L and the ground field is of 
. On the other hand, by Lemma 4.4
The following proposition first appeared in [18, Lemma 6.6] in the case p = 0. Proof. Let {S i | i ∈ I} be the set of the simple components of A. Using Theorem 4.2 and Lemma 4.5 we get that B = i∈I e i S i f i for some orthogonal idempotent pairs (e i , f i ) in S i . Moreover, we can assume that e i = f i = 0 if B i = B ∩ S i = 0. Put e = i∈I e i and f = i∈I f i . Then (e, f ) is a strict orthogonal idempotent pair in A and eAf = i∈I e i S i f i = B, as required. Proof. Let b ∈ B. Since A is Von Neumann regular, there is x ∈ A such that b = bxb.
Lemmas 4.6 and 4.7 imply that all Jordan-Lie inner ideals of A (−) are generated by idempotents, which is essentially known, see for example [12, Theorem 6.1(2)]. We summarize description of Jordan-Lie inner ideals of A (k) in the following proposition. 
Proof. By Proposition 2.3,
The "only if" part now follows from Lemmas 4.6 (k ≥ 1) and 4.7 (k = 0), and the "if" part follows from Lemma 2.9(iii).
L-Perfect inner ideals
1-perfect associative algebras and their associated Lie algebras.
Definition 5.1. The associative algebra A is said to be Lie solvable if the Lie algebra
The following is well known.
Lemma 5.2. Let p = 2. Then the following are equivalent.
(i) A is Lie solvable.
(ii) There is a descending chain of ideals
(iii) There is a descending chain of subalgebras
, suppose that A is Lie solvable. Let R be the radical of A and let S = A/R. Then S is a Lie solvable semisimple algebra, so by Lemma 2.2 and Proposition 2.3, S ∼ = F m direct sum of m copies of F for some m. If S = 0, then A = R is nilpotent, so such a chain exists. Suppose that S = 0. Since all simple components of S are 1-dimensional, all composition factors of the S-bimodule R/R 2 are one-dimensional, so there is a chain of ideals in A/R 2 with 1-dimensional quotients. The lemma now follows by induction on the degree of nilpotency of R.
Definition 5.3. An associative algebra is said to be 1-perfect if it has no ideals of codimension 1.
We note the following obvious properties of 1-perfect ideals. (ii) If P is a 1-perfect ideal of A and Q is a 1-perfect ideal of A/P then the full preimage of Q in A is a 1-perfect ideal of A. Lemma 5.4(i) implies that every algebra has the largest 1-perfect ideal.
The following proposition shows that P 1 (A) has radical-like properties indeed.
Proof. (i) and (ii) are obvious; (iii) follows from Lemma 5.4(ii).
(iv) Let N be an ideal of A such that A/N is Lie solvable. Then it follows from Lemma 5.2 that N ⊇ P 1 (A). It remains to prove that A/P 1 (A) is Lie solvable. By Lemma 5.2, it is enough to construct a chain of subalgebras
Importance of 1-perfect algebras is shown by the following result from [1] .
Combining this result with Proposition 5.6(iv) we get the following.
.
L-perfect inner ideals.
Definition 5.9. Let L be a Lie algebra and let B be an inner ideal of L. We say that
It is known that every inner ideal of a semisimple Lie algebra L is L-perfect if p = 2, 3, 5, 7, see for example [14 
by Proposition 2.3. Therefore, this follows from Lemma 4.5 and Lemma 4.4.
Suppose now that k = 0. Let B be a Jordan-Lie inner ideal of A (−) . Then by Lemma 4.7, B be is Jordan-Lie inner ideal of A (1) , so B is A (1) -perfect by above. This obviously implies that B is A (−) -perfect.
Lemma 5.11. Let L be a Lie algebra and let
so the result follows by induction on k.
and B is a Jordan-Lie inner ideal of P 1 (A) (1) .
. It remains to note that A (∞) = P 1 (A) (1) by Lemma 5.8. 
As L is finite dimensional, this series terminates. This motivates the following definition.
Definition 5.13. Let L be a finite dimensional Lie algebra and let B be an inner ideal of L. Then there is an integer n such that B n = B n+1 . We say that B n is the core of B, denoted by core L (B).
Lemma 5.14. Let L be a finite dimensional Lie algebra and let B be an inner ideal of
Proof. (i) and (ii) follow from Definitions 5.9 and 5.13.
(iii) follows from (i) and Lemma 5.11.
Proof. (i) SinceĀ is semisimple andB is a Jordan-Lie inner ideal ofL =Ā (k) , by Lemma 5.10,B isL-perfect. Hence, by Lemma 5.14,B = coreL(B) = core L (B).
(ii) This follows from (i).
Bar-minimal and regular inner ideals
Bar-minimal inner ideals.
(k) and let X be an inner ideal ofL. Suppose that B is an inner ideal of L. We say that B is X-minimal (or simply, bar-minimal ) if for every inner ideal B ′ of L withB ′ = X and B ′ ⊆ B one has B ′ = B.
Lemma 6.2. Let k ≥ 0 and let B be a Jordan-Lie inner ideal of L = A (k) . Suppose that B is bar-minimal and p = 2, 3. Then the following hold.
( Recall that a Lie algebra L is said to be perfect if L = [L, L]. We will need the following result.
Split inner ideals. Let L be a Lie algebra and let Q be a subalgebra of L. Recall that Q is said to be a quasi Levi subalgebra of L if Q is quasi semisimple and there is a solvable ideal P of L such that L = Q ⊕ P . Proof. (i) Since e and f are orthogonal, By Wedderburn-Malcev theorem there is a Levi subalgebra S of A such that e, f ∈ S. Thus, B = eAf = e(S ⊕ R)f = eSf ⊕ eRf as required.
(ii) This follows directly from (i) and Lemma 6.6.
Proposition 6.8. Let C ⊆ B be subspaces of A such thatC =B. If C splits in A, then B splits in A.
Proof. Suppose C splits in A. Then there exists a Levi subalgebra S of A such that C = C S ⊕ C R , where C S = C ∩ S and C R = C ∩ R. Put B S = B ∩ S and B R = B ∩ R. Then C S ⊆ B S , C R ⊆ B R and B S + B R ⊆ B. SinceB =C, we have
Proof. By Lemma 5.14, core L (B) =B. Since core L (B) ⊆ B and core L (B) splits, by Proposition 6.8, B splits. Definition 6.10. Let G be a subalgebra of A. We say that G is large in A ifḠ =Ā (equivalently, there is a Levi subalgebra S of A such that S ⊆ G; or equivalently, G/ rad G is isomorphic to A/R).
Remark 6.11. Let G be a large subalgebra of A and let B be a subspace of P 1 (G). Then rad(G) = G ∩ R and rad(P 1 (G)) = P 1 (G) ∩ rad(G) = P 1 (G) ∩ R, so the imagē B of B in A/R is isomorphic to the images of B in G/ rad(G) and P 1 (G)/ rad(P 1 (G)), respectively. Thus, we can use the same notationB for the images of B in all these quotient spaces.
Proposition 6.12. Let B be a subspace of A. Let G be a large subalgebra of A and let C be a subspace of P 1 (G). Suppose that C ⊆ B,C =B, and C splits in P 1 (G). Then B splits in A.
Proof. Put R 1 = rad P 1 (G). By Remark 6.11, R 1 ⊆ rad(G) ⊆ R. Let S 1 be a Csplitting Levi subalgebra of P 1 (G), so C = C S 1 ⊕ C R 1 , where C S 1 = C ∩ S 1 and C R 1 = C ∩ R 1 . Note that S 1 is a semisimple subalgebra of A, so by WedderburnMalcev Theorem there is a Levi subalgebra S of A such that S 1 ⊆ S. Since S 1 ⊆ S and R 1 ⊆ R, C splits in A, so the result follows from Proposition 6.8.
Since A is large in A, we get the following corollary. Corollary 6.13. Let B be a subspace of A and let C be a subspace of P 1 (A). Suppose that C ⊆ B,C =B, and C splits in P 1 (A). Then B splits in A.
Proposition 6.14. Let B be a Jordan-Lie inner ideal of L = A (k) (k ≥ 0). Let G be a large subalgebra of A and let
. Then C is a Jordan-Lie inner ideal of P 1 (G) (1) such that C ⊆ B andC =B.
Proof. Note that B ′ = B ∩G is a Jordan-Lie inner ideal of G (−) . By Lemmas 5.14(i) and
It remains to note that by Lemma 5.12, C is Jordan-Lie inner ideal of P 1 (G) (1) .
Regular inner ideals.
In this section we describe bar-minimal regular inner ideals of A (−) and A (1) . We start with the following result which is a slight generalization of [ 
Proof. (i) This follows from Lemma 2.7 as
. Then B is said to be a regular inner ideal of L (with respect to A) if B 2 = 0 and BAB ⊆ B.
Regular inner ideals were first defined in [4] (in characteristic zero) and were recently used in [2] to classify maximal zero product subsets of simple rings. Note that every regular inner ideal is Jordan-Lie (see Lemma 6.15). However, the converse is not true as the following example shows. Proof. (i) By Lemma 2.9(ii), eAf is a Jordan-Lie inner ideal of A (k) (k ≥ 0). It remains to note that (eAf )A(eAf ) ⊆ eAf .
(ii) This follows from (i) and Lemma 2.9(iii).
The following result is proved in [4, Proposition 4.12] in the case p = 0. Proof. This follows from Proposition 4.8 and Lemma 6.18(ii).
We will need the following two results which were first proved in [4] in the case when p = 0. One can easily check that their proofs in [4] apply to any p. In particular, if A is Von Neumann regular then every regular inner ideal of L is of the form
Let L be a left ideal of A and let X be a left ideal ofĀ. Then L is said to be X-minimal ifL = X and for every left ideal
We will need the following theorem from [3] . 
′ is a regular inner ideal of L. As B ′ = R ′ L ′ =RL =B and B is bar-minimal, B = B ′ . Thus, B = eAf for some idempotents e and f in A with f e = 0. Therefore, by Lemma 2.9(iv), B = eAf = eAg for some orthogonal idempotent g in A with ge = eg = 0.
(ii) This follows from (i) and Lemma 6.18.
Proof of the main results
The aim of this section is to prove that bar-minimal Jordan-Lie inner ideals are generated by idempotents (Theorem 1.1) and are regular (Corollary 1.2). As a corollary, we show that all Jordan-Lie inner ideals split (Corollary 1.3 
First we consider the case when A is 1-perfect. Then L = [A, A] is a perfect Lie algebra for p = 2 (see Proposition 5.7). The following theorem will be proved in steps. (i) B splits in A.
(ii) B = eAf for some strict orthogonal idempotent pair (e, f ) in A.
(iii) B is regular.
First we will consider the case when R 2 = 0. Theorem 7.2 first appeared in Rowley's thesis [18] in the case when p = 0 and we use some of his ideas below. Unfortunately, his proof is incomplete and contains some inaccuracies. In particular, the proof of [18, Proposition 6.12] is incorrect. We will need the following lemma. (ii) This follows from (iii) as Q = [S, S] and S is a large subalgebra of A.
(iii) Since G is a large subalgebra of A, it contains a Levi subalgebra of A. Without loss of generality we can assume S ⊆ G. Let x ∈ L. Since L = [A, A] ⊆ Q⊕R, x = q +r for some q ∈ Q and r ∈ R. As RA = 0, for all b, b ′ ∈ B we have
i.e. B is an inner ideal of L, as required.
Recall that A is a 1-perfect finite dimensional associative algebra, R is the radical of A with R 2 = 0 and S is a Levi subalgebra of A, so by Proposition 2. Proof. By Lemma 7.3, R coincides with the nil-radical N of L. We identifyĀ with S.
Recall that B is bar-minimal. We are going to prove that there is a Levi subalgebra S ′ of A such that B ⊆ S ′ , so B splits in A. Since S ∼ = A/R is simple, by Lemma 4.3, there is a matrix realization M n (F) of S and integers 1 ≤ k < l ≤ n such thatB is the space spanned by E = {e st | 1 ≤ s ≤ k < l ≤ t ≤ n} where {e ij | 1 ≤ i, j ≤ n} is the standard basis of S consisting of matrix units. Since R is an irreducible left S-module, it can be identified with the natural n-dimensional left S-module V . Let {e 1 , e 2 , . . . , e n } be the standard basis of V . Fix b (1) st ∈ B such that b
(1) st = e st for all s and t. Then b (1) st = e st + r st , where r st ∈ R. Put Λ 1 = {b
Since e ts ∈ L, by Lemma 2.7, b Hence, the set st ∈ B. Since RA = 0, for s > 1 we have b
st , e t1 , b st = e st + β t e s ∈ B for all s and t. Thus
= (e st + β t e s )(1 − n j=l β j e j ) = e st + β t e s − β t e s = e st ∈ ϕ(B)
Note that ϕ(r) = r for all r ∈ R. Proof. Since A is 1-perfect, SR = R, so R as a left S-module is a direct sum of copies of the natural left S-module V . The proof is by induction on the length ℓ(R) of the left S-module R, the case ℓ(R) = 1 being clear by Proposition 7.4. Suppose that ℓ(R) > 1.
Consider any maximal submodule T of R. Then ℓ(T ) = ℓ(R) − 1 and T is an ideal of A. Let˜: A → A/T be the natural epimorphism of A ontoÃ = A/T . Denote byR and B the images of R and B, respectively, inÃ. Since ℓ(R) = 1, by Proposition 7.4,B is contained in a Levi subalgebra ofÃ. Therefore, B ⊆ S 1 ⊕ T for some Levi subalgebra
and B is a Jordan-Lie inner ideal of G (−) . Note that G is a large subalgebra of A (see Definition 6.10). Put C = core G (−) (B). Then by Proposition 6.14, C is a Jordan-Lie inner ideal of P 1 (G) Proof. The proof is similar to that of Proposition 7.5.
Proposition 7.7. Theorem 7.2 holds if A/R is simple and R is isomorphic to the natural A/R-bimodule A/R with respect to the right and left multiplication.
Proof. Recall that B is a Jordan-Lie inner ideal of L = [A, A] such that B is barminimal. As in the proof of Proposition 7.4, we fix standard bases {e ij | 1 ≤ i, j ≤ n} and {f ij | 1 ≤ i, j ≤ n} of S and R, respectively, consisting of matrix units, such that the action of S on R corresponds to matrix multiplication andB is the space spanned by
We identifyĀ with S. We are going to prove that there is a Levi subalgebra Therefore, f st ∈ B for all s and t as required. Claim 2: For every
Since b st ∈ B, by Lemma 2.7, b st e ts b st ∈ B. We have
By claim 2, there are some α
(1) Define the inner automorphism 
1n = e 1n + αf 11 − αf nn ∈ B 1 (2) Consider the inner automorphism ϕ 2 : A → A defined by ϕ 2 (a) = (1 + αf n1 )a(1 − αf n1 ) for all a ∈ A. Put B 2 = ϕ 2 (B 1 ). Then by applying ϕ 2 to (7.1), we obtain
1n ) = (1 + αf n1 )(e 1n + αf 11 − αf nn )(1 − αf n1 ) = (e 1n + αf 11 − αf nn + αf nn )(1 − αf n1 ) = e 1n + αf 11 − αf 11 = e 1n ∈ B 2 . Put b
st for t = n and b
sn , e n1 , e 1n } for s = 1. Then by Lemma 2.7, b
Note that b (3) 1n = e 1n is also of the shape (7.2) with all β 1n in = 0. (3) Consider the inner automorphism ϕ 3 : A → A defined by ϕ 3 (a) = (1+q 3 )a(1−q 3 ) for a ∈ A, where
sn in (7.2) (for all s), we obtain
Thus, β rn nn = 0 for all 1 ≤ r ≤ k. Substituting in (7.3) we obtain
sn = e sn and b
st ) ∈ B 3 for t = n. Then for t = n we have
st } for all t = n. Then by Lemma 2.7, b (6) st ∈ B 3 . Thus, for t = n we have b Put b (7) sn = b (6) sn = e sn and b (7) st = {e sn , e n1 , b (6) 1t } for t = n. Then by Lemma 2.7, b (7) st ∈ B 3 . Hence, for t = n we have b
1t + b (6) 1t e n1 e sn = e s1 b (6) 1t + b (6) 1t e n1 e sn = e s1 (e 1t + st in (7.4), we obtain (for all s and t) b
Thus, γ 1t 1r = 0 for all 1 ≤ r ≤ k < l ≤ t ≤ n. Substituting in (7.5) we obtain b
Denote by ϕ the automorphism ϕ 4 
Proof. Recall that B is a Jordan-Lie inner ideal of L = [A, A] such that B is barminimal. We identifyĀ with S. By Lemma 4.5,B = X 1 ⊕ X 2 , where X i =B ∩ S i are Jordan-Lie inner ideals of S (1) i . As in the proof of Proposition 7.5, we fix standard
, S 2 and R, respectively, consisting of matrix units, such that the action of S 1 and of S 2 on R corresponds to matrix multiplication and X i = span{E i }, where rq ) = f sq . Therefore, f sq ∈ B for all 1 ≤ s ≤ k 1 and l 2 ≤ q ≤ n 2 as required.
Claim 2: For every
Since b st ∈ B, by Lemma 2.7, b st e ts b st ∈ B. Since RS 1 = 0 and R 2 = 0, we have
By Lemma 2.10, B 2 is an inner ideal of L 2 . Moreover, B 2 is a Jordan-Lie inner ideal as (B 2 ) 2 = 0. Note that B 2 = X 2 (because B 2 contains the preimage of X 2 in B). By Lemma 6.3, B 2 is X 2 -minimal. Thus, B 2 satisfies the conditions of Proposition 7.6. Hence, B 2 splits. Thus, there is an inner automorphisms ϕ 2 : A → A such that E 2 ⊆ ϕ 2 (B 2 ) ⊆ ϕ 2 (B). We will deal with the inner ideal ϕ 2 (B) of L. Note that ϕ 2 (B) =B = X and E 2 ⊆ ϕ 2 (B). Our aim is to modify ϕ 2 (B) in such a way that it contains both E 1 and E 2 .
Put b
for all s and t. Put b
1t = e 1t + j<l 2 α 1t 1j f 1j and for s > 1 set b
st , e t1 , b
1t }. Then by Lemma 2.7, b (2) st ∈ ϕ 2 (B). Since RS 1 = 0, for s > 1 we have b
Thus, for all s and t we have
Consider the inner automorphism ϕ : A → A defined by ϕ(a) = (1 + q)a(1 − q) for all a ∈ A, where
Since RS 1 = 0 and R 2 = 0, by applying ϕ to (7.6) we obtain
Thus, e st ∈ ϕ(ϕ 2 (B)) for all 1 ≤ s ≤ k 1 < l 1 ≤ t ≤ n 1 . Now, by applying ϕ to g rq ∈ X 2 ⊆ ϕ 2 (B) and using S 2 R = 0, we obtain
Since (ϕ(ϕ 2 (B))) 2 = 0 and both e st and ϕ(g rq ) are in ϕ(ϕ 2 (B)), we have
Hence, α 1t 1r = 0 for all 1 ≤ r ≤ k 2 and all l 1 ≤ t ≤ n 1 . Thus, ϕ(g rq ) = g rq ∈ ϕ(ϕ 2 (B)) for all r and q. Therefore,
2 (S)) we prove that B splits in A.
We will need the following result.
Lemma 7.9. Let S be a semisimple finite dimensional associative algebra and let {S i | i ∈ I} be the set of its simple components. Suppose that M is an S-bimodule. Then M is a direct sum of copies of U ij , for i, j ∈ I ∪ {0}, where U 00 is the trivial 1-dimensional S-bimodule, U i0 is the natural left S i -module with U i0 S = 0, U 0j is the natural right S-module with SU 0j = 0 and U ij is the natural S i -S j -bimodule for i, j > 0.
Proof. LetŜ = S + F1Ŝ, where 1Ŝ is the unity ofŜ. ThenŜ is a unital algebra. Set 1Ŝm = m1Ŝ = m for all m ∈ M. Then M is a unitalŜ-bimodule. Note that S = i∈I∪{0} S i , where S 0 = F(1Ŝ − 1 S ) is a 1-dimensional simple component ofŜ. Thus, as a unitalŜ-bimodule M is a direct sum of copies of the natural S i -S j -bimodules U ij such that U ij = S i US j , for all i and j. It remains to note that U i0 S = 0 and SU 0j = 0. Now, we are ready to prove Theorem 7.2.
Proof of Theorem 7.2. Recall that A is 1-perfect with R 2 = 0, p = 2, 3 and B is a bar-minimal Jordan-Lie inner ideal of L = [A, A]. Let {S i | i ∈ I} be the set of the simple components of S. We identifyĀ with S. By Lemma 7.9, the S-bimodule R is a direct sum of copies of the natural left S i -module U i0 , the natural right S i -module U 0j and the natural S i -S j -bimodule U ij for all i, j ∈ I. Note that the S-bimodule R has no components isomorphic to the trivial 1-dimensional S-bimodule U 00 as A is 1-perfect with R 2 = 0. The proof is by induction on the length ℓ(R) of the S-bimodule R. If ℓ(R) = 1, then R = U ij for some i and j. Note that (i, j) = (0, 0). Let A 1 = (S i + S j ) ⊕ R and let A 2 be the complement of S i + S j in S. Then A 1 and A 2 are 1-perfect. Note that A 2 A 1 = A 1 A 2 = 0 so both A 1 and A 2 are ideals of A with
Since L satisfies the conditions of Lemma 6.3, we have B = B 1 ⊕ B 2 , where B i is aB i -minimal Jordan-Lie inner ideal of L i , i = 1, 2. Since A 2 is semisimple, B 2 splits. Note that B 1 satisfies the conditions of one of the Propositions 7.5, 7.6, 7.7 and 7.8, so B 1 splits. Therefore, B splits.
Assume that ℓ(R) > 1. Consider any maximal S-submodule T of R, so ℓ(T ) = ℓ(R) − 1. Then T is an ideal of A. LetÃ = A/T . Denote byB andR the images of B and R inÃ. Since ℓ(R) = 1, by the base of induction,B splits, so there is a Levi subalgebra S ′ ∼ = S ofÃ such thatB =B S ′ ⊕B R , whereB S ′ =B ∩ S ′ andB R =B ∩R.
Let P be the full preimage ofB S ′ in B. ThenP =B S ′ ⊆ S ′ , so P is a subspace of B withP =B. Let G be the full preimage of S ′ in A. Then G is clearly 1-perfect (i.e.
is a Jordan-Lie inner ideal of G (−) containing P , soB ′ =B. Note that G is a large subalgebra of A (see Definition 6.10). Put C = core G (−) (B ′ ). Then by Proposition 6.14, C is a Jordan-Lie inner ideal of P 1 (G)
Since G is 1-perfect and ℓ(T ) < ℓ(R), by the inductive hypothesis, C ′ splits in G. Since C ′ ⊆ C ⊆ B and C ′ =C =B, by Proposition 6.12, B splits in A.
The following result follows from Theorem 7.2 and Proposition 6.8. Then by Proposition 6.14, B 2 is a Jordan-Lie inner ideal of A (1) 2 such that B 2 ⊆ B and B 2 =B. Let B 3 ⊆ B 2 be anyB 2 -minimal inner ideal of A (1) 2 . Since A 2 is 1-perfect and rad(A 2 ) m−1 ⊆ T m−1 = R 2(m−1) = 0, by the inductive hypothesis, B 3 splits in A 2 = P 1 (A 1 ). SinceB 3 =B 2 =B, by Lemma 6.12, B splits in A.
(ii) We wish to show that B = eAf for some strict orthogonal idempotent pair (e, f ) in A. By (i), there is a B-splitting Levi subalgebra S of A such that B = B S ⊕ B R , where B S = B ∩S and B R = B ∩R. Let {S i | i ∈ I} be the set of the simple components of S, so S = i∈I S i . We identifyĀ with S. By Lemma 4.5, we haveB = i∈I X i , where X i =B ∩ S i for all i ∈ I. Put J = {i ∈ I | X i = 0}. By Lemma 4.3, for each r ∈ J there is a matrix realization M nr (F) of S r and integers 1 ≤ k r < l r ≤ n r such that X r is spanned by the set E r = {e r st | 1 ≤ s ≤ k r < l r ≤ t ≤ n r } ⊆ S r where {e r ij | 1 ≤ i, j ≤ n r } is a basis of S r consisting of matrix units. Let e = r∈J kr i=1 e r ii and f = r∈J nr j=lr e r jj . Then (e, f ) is a strict orthogonal idempotent pair in A with B S = i∈J X i = eSf . Note that eAf is a Jordan-Lie inner ideal of [A, A] with eAf = eSf =B. We are going to show that eRf ⊆ B R . This will imply eAf = B as B is bar-minimal. By Lemma 7.9, the S-bimodule R is a direct sum of copies of the natural left S imodule U i0 , the natural right S j -module U 0j , the natural S i -S j -bimodule U ij and the trivial 1-dimensional S-bimodule U 00 for all i, j ∈ I. Let M be any minimal Ssubmodule of R. It is enough to show that eMf ⊆ B. Fix r, q ∈ I such that M ∼ = U rq . We can assume that r, q ∈ J (otherwise eMf = {0} ⊆ B). Let {f rq ij | 1 ≤ i ≤ n r , 1 ≤ j ≤ n q } be the standard basis of M consisting of matrix units, such that the action of S r -S q on M corresponds to matrix multiplication. Note that eMf = span{f rq st | 1 ≤ s ≤ k r , l q ≤ t ≤ n q }. We need to show that f rq st ∈ B for all s and t. First, consider the case when r = q. Then s ≤ k r < l r ≤ t, so s = t. Since e Now we are ready to prove the main results of this paper.
Proof of Theorem 1.1. Suppose first that B is bar-minimal. We need to show that B = eAf for some strict orthogonal idempotent pair (e, f ) in A. By Lemma 6.2(ii), B is L-perfect, so by Lemma 5.12, B ⊆ P 1 (A) and B is a Jordan-Lie inner ideal of L 1 = P 1 (A) (1) . Let C ⊆ B be aB-minimal Jordan-Lie inner ideal of L 1 . Since P 1 (A) is 1-perfect, by Theorem 7.1, there exists a strict orthogonal idempotent pair (e, f ) in P 1 (A) such that C = eP 1 (A)f . Note that P 1 (A) is a two-sided ideal of A, so CAC = eP 1 (A)f AeP 1 (A)f ⊆ eP 1 (A)f = C Hence, by Lemma 6.15(iii), C is an inner ideal of L with C ⊆ B andC =B. Since B is bar-minimal, C = B. As e, f ∈ P 1 (A), we have eP 1 (A)f ⊆ eAf = eeAf ⊆ eP 1 (A)Af ⊆ eP 1 (A)f. Therefore, eP 1 (A)f = eAf and B = C = eAf as required.
Suppose now that B = eAf , where (e, f ) is a strict orthogonal idempotent pair in A. We need to show that B is bar-minimal. Let C ⊆ B be aB-minimal Jordan-Lie inner ideal of L. Then by the "if" part C = e 1 Af 1 for some strict orthogonal idempotent pair (e 1 , f 1 ) in A, so e 1 Af 1 ⊆ eAf andē 1Āf1 =B =ēĀf . Then by Theorem 1.1(iv)(a), there is a strict idempotent pair (e 2 , f 2 ) in A such that (e 2 , f 2 ) ≤ (e, f ), that is, ee 2 = e 2 e = e 2 and f 2 f = f f 2 = f 2 . Moreover, by Theorem 1.1(iv)(c), e 2 Af 2 = e 1 Af 1 = C, so e 2Āf2 =B =ēĀf . We are going to show that e 2 = e (the proof of f 2 = f is similar). Since (e, f ) is strict, by Theorem 1.1(iii) ,ē 2 L ∼ē, soē =ē 2ē = e 2 e =ē 2 . Hence, there is r ∈ R such that e 2 = e + r. We have e + r = e 2 = ee 2 = e(e + r) = e + er, so er = r. Similarly, re = r. Since e 2 is an idempotent, e + r = e 2 = e 2 2 = (e + r) 2 = e + 2r + r 2 .
Therefore, r 2 = −r and r 2 k = −r for all k ∈ N. As R is nilpotent, we get r = 0, so e 2 = e. Similarly, f 2 = f . Therefore, B = eAf = e 2 Af 2 = C, as required.
Proof of Corollary 1.2. Since B is bar-minimal, by Theorem 1.1, there exists a strict orthogonal idempotent pair (e, f ) in A such that B = eAf . Therefore, by Lemma 6.18, B is regular.
Proof of Corollary 1.3. Let C ⊆ B be aB-minimal Jordan-Lie inner ideal of L. Then by Theorem 1.1, there exists a strict orthogonal idempotent pair (e, f ) in A such that C = eAf , so by Lemma 6.7(i), C splits in A. Therefore, by Proposition 6.8, B splits in A.
